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SEPARABILITY PROPERTIES OF NILPOTENT Q[x]-POWERED
GROUPS
STEPHEN MAJEWICZ AND MARCOS ZYMAN
This paper is dedicated to Ben Fine and Anthony Gaglione on the occasion of their birthdays;
and to Gilbert Baumslag (in memoriam)
Abstract. In this paper we study conjugacy and subgroup separability prop-
erties in the class of nilpotent Q[x]-powered groups. Many of the techniques
used to study these properties in the context of ordinary nilpotent groups carry
over naturally to this more general class. Among other results, we offer a gen-
eralization of a theorem due to G. Baumslag. The generalized version states
that if G is a finitely Q[x]-generated Q[x]-torsion-free nilpotent Q[x]-powered
group and H is a Q[x]-isolated subgroup of G, then for any prime pi ∈ Q[x],
⋂
∞
i=1
Gpi
i
H = H.
1. Introduction
Let C be a class of groups. Among the types of separability properties of groups,
there are:
• Conjugacy C-Separability : A group G is conjugacy C-separable if whenever
g and h are not conjugate elements in G, there exists K ∈ C and a homo-
morphism ϕ from G onto K such that ϕ(g) and ϕ(h) are not conjugate
elements in K.
• Residually C : A group G is residually C if for every non-identity element g
in G, there exists K ∈ C and a homomorphism ϕ from G onto K such that
ϕ(g) is not the identity.
Equivalently, for some non-empty index set Λ, there exists a family
{Nλ | λ ∈ Λ} of normal subgroups of G such that G/Nλ ∈ C for all λ ∈ Λ
and ∩λ∈ΛNλ = 1.
• Subgroup C-Separability : A subgroup H of a group G is called C-separable
in G if, for every element g ∈ G \H, there is a homomorphism ϕ of G onto
K ∈ C such that ϕ(g) /∈ ϕ(H). The group G is said to be separated in a
group from C, and K is said to separate g and H .
It is clear that G is residually C if and only if the identity subgroup of G is
C-separable. Furthermore, every conjugacy C-separable group is residually C.
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Let F and Fp denote the classes of finite groups and finite p-groups (p is a
prime) respectively. In the literature, there are several results pertaining to these
properties for nilpotent groups. For instance,
(i) In [4], N. Blackburn proved that every finitely generated nilpotent group is
conjugacy F -separable.
(ii) In [9], E. A. Ivanova proved that ifG is a finitely generated torsion-free nilpotent
group which is conjugacy Fp-separable for some prime p, then G must be abelian.
(iii) Let G be a finitely generated torsion-free nilpotent group, and let H be an
isolated subgroup of G. In [3], G. Baumslag proved that for any prime p,
∞⋂
i=1
Gp
i
H = H.
Equivalently, H is Fp-separable in G for any given prime p.
If H is the trivial subgroup in (iii), then we get a classical theorem of K. W.
Gruenberg [7] which states that finitely generated torsion-free nilpotent groups are
residually Fp for any prime p.
(iv) In [2], R. B. J. T. Allenby and R. J. Gregorac prove the following: Let G
be a finitely generated nilpotent group and H ≤ G. Suppose there is an element
g ∈ G \H such that gn /∈ H for any positive integer n. If p is any prime, then g
and H can be separated in a finite p-group.
Our goal in this paper is to prove results similar to those mentioned above for
nilpotent Q[x]-powered groups. The ring Q[x] is an example of a binomial ring, an
integral domain of characteristic zero with unity such that for any r ∈ Q[x] and
positive integer k, (
r
k
)
=
r(r − 1) · · · (r − k + 1)
k!
∈ Q[x].
In this paper, R will always be a binomial ring.
Definition 1.1. [8] Let G be a (locally) nilpotent group which comes equipped
with an action by R,
G×R→ G defined by (g, α) 7→ gα,
such that for all g ∈ G and for all α ∈ R, the element gα ∈ G is uniquely determined.
Then G is called a nilpotent R-powered group if the following axioms hold:
• g1 = g, gαgβ = gα+β , and (gα)β = gαβ for all g ∈ G and α, β ∈ R.
• (h−1gh)α = h−1gαh for all g, h ∈ G and for all α ∈ R.
• (Hall-Petresco Axiom) If {g1, . . . , gn} ⊂ G and α ∈ R, then
gα1 · · · g
α
n = τ1(g¯)
ατ2(g¯)
(α2) · · · τk−1(g¯)
( αk−1)τk(g¯)
(αk),
where k is the nilpotency class of the group generated by {g1, g2, . . . , gn},
g¯ = (g1, . . . , gn), and τi(g¯) is the ith Hall-Petresco word.
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The Hall-Petresco words are obtained by letting α = 1, 2, and so on. For
instance,
τ1(g¯) = g1 · · · gn and τ2 (g) = (g1 · · · gn)
−2 g21 · · · g
2
n.
R-modules and R-completions of finitely generated torsion-free nilpotent groups
with respect to a Mal’cev basis are examples of nilpotent R-powered groups [8].
Categorical notions such as R-subgroup, R-homomorphism, etc. are defined in the
obvious way [8].
Various theorems on residual properties of nilpotent R-powered groups have
already been proven in some papers by the authors ([11], [14], [15]). A result on
the conjugacy separability of nilpotent Q[x]-powered groups can also be found in
[11].
The definitions of separability carry over to nilpotent R-powered groups in a
natural way. We merely state them here without giving additional background
definitions. All necessary definitions, notations, and results on nilpotent R-powered
groups will be provided in the next section.
Definition 1.2. Let C denote a class of nilpotent R-powered groups. A nilpotent
R-powered group G is conjugacy C-separable if whenever g and h are not conjugate
elements in G, there exists K ∈ C and an R-homomorphism ϕ of G onto K such
that ϕ(g) and ϕ(h) are not conjugate in K.
From this point on, FT and FTpi will denote the classes of nilpotent Q[x]-
powered groups of finite type and finite π-type for a prime π ∈ Q[x] respectively.
Theorem 1.1. Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group.
Two elements of G are conjugate if and only if they are conjugate in every factor
Q[x]-group of G of finite type.
This establishes that finitely Q[x]-generated nilpotent Q[x]-powered groups are
conjugacy FT -separable, thus proving an analogue of (i). Our proof mimics the
one given by G. Baumslag for Theorem 1.3 of [3].
Our next theorem is similar to (ii).
Theorem 1.2. Let G be a finitely Q[x]-generated Q[x]-torsion-free nilpotent Q[x]-
powered group. If G is conjugacy FTpi-separable for some prime π ∈ Q[x], then G
is an abelian Q[x]-group.
The proof mimics the one given by E. A. Ivanova in [9].
Definition 1.3. Let G be a nilpotent R-powered group, and let C be a class of
nilpotent R-powered groups. An R-subgroup H of G is called C-separable in G if,
for every element g ∈ G \H, there is an R-homomorphism ϕ of G onto K ∈ C such
that ϕ(g) /∈ ϕ(H). The group G is said to be separated in a group from C, and K
is said to separate g and H .
We prove the following analogue of (iii):
Theorem 1.3. Let G be a finitely Q[x]-generated Q[x]-torsion-free nilpotent Q[x]-
powered group, and let H be a Q[x]-isolated subgroup of G. For any prime π ∈ Q[x],
∞⋂
i=1
Gpi
i
H = H.
Equivalently, H is FTpi-separable for any given prime π ∈ Q[x].
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Another result on FTpi-separability is:
Theorem 1.4. Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group
and H ≤Q[x] G. Suppose there is an element g ∈ G \ H such that g
λ /∈ H for
any 0 6= λ ∈ Q[x]. If π is any prime in Q[x], then g and H can be separated in a
nilpotent Q[x]-powered group of finite π-type.
The proof is similar to the one given for Theorem 1 (a) in [2].
2. Preliminaries
In this section, we discuss some terminology and results on nilpotent R-powered
groups which will be used in this paper. We remind the reader that R will always be
a binomial ring. We will usually denote a group identity element, a multiplicative
identity ring element, and the trivial subgroup of a group by 1.
Let G is a nilpotent R-powered group. If [g, h] = 1 for g, h ∈ G, the Hall-
Petresco axiom implies that (gh)α = gαhα for any α ∈ R. In particular, every
abelian R-group is an R-module.
Proposition 2.1. Suppose G is a nilpotent R-powered group. Let g, h ∈ G such
that [g, h] ∈ Z(G). Then [g, h]α = [g, hα] for all α ∈ R.
Proof. Since [g, h] ∈ Z(G), we have
[g−1h−1g, h] = g−1hgh−1[g, h]
= g−1hg[g, h]h−1
= 1.
By the previous paragraph, (g−1h−1gh)α = (g−1h−1g)αhα for any α ∈ R. Since
(g−1h−1g)α = g−1h−αg, the result follows. 
Let G be a nilpotent R-powered group. If H is an R-subgroup or a normal
R-subgroup of G, then we write H ≤R G and H ✂RG respectively. We say that H
is R-generated by X = {x1, . . . , xj} ⊆ G if
H =
⋂
X⊂Hi≤RG
{Hi}.
In this case, we write H = gpR(x1, . . . , xj).
If G is a nilpotent R-powered group and N✂RG, then the R-action on G induces
an R-action on G/N,
(gN)α = gαN for all gN ∈ G/N and α ∈ R,
which turns G/N into a nilpotent R-powered group.
It is not hard to show using the Hall-Petresco Axiom that if G is a nilpotent R-
powered group with H ≤R G and N✂RG, then HN ≤R G and HN = gpR(H, N).
The usual isomorphism theorems carry over to nilpotent R-powered groups in
the obvious way. If G1 and G2 are nilpotent R-powered groups, then the kernel of
an R-homomorphism ϕ : G1 → G2, abbreviated as ker ϕ, is a normal R-subgroup
of G1. If G1 and G2 happen to be R-isomorphic, then we write G1 ∼=R G2.
The upper and lower central subgroups of a nilpotent R-powered group G are
R-subgroups of G. We denote them by ζiG and γiG respectively. The center of G
will be written as Z(G).
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Theorem 2.2. [10] If R is noetherian, then every R-subgroup of a finitely R-
generated nilpotent R-powered group is finitely R-generated.
Definition 2.1. [16] If G is a nilpotent R-powered group, then g ∈ G is an R-
torsion element if gα = 1 for some 0 6= α ∈ R. If every element of G is R-torsion,
then G is called an R-torsion group. We say that G is R-torsion-free if the only
R-torsion element of G is 1.
Definition 2.2. [11] Let π ∈ R be a prime. A finitely R-generated nilpotent
R-powered group G is of
(1) finite type if it is an R-torsion group.
(2) finite π-type if for each g ∈ G, there exists a positive integer k such that
gpi
k
= 1.
The next theorem and lemma are proven by the authors in [12].
Theorem 2.3. Let R be noetherian and consider the short exact sequence
1→ H → G→ G/H → 1
in the category of nilpotent R-powered groups. Then G is of finite type if and only
if H and G/H are both of finite type.
Lemma 2.4. Let R be a PID. If G is a finitely R-generated nilpotent R-powered
group and Z(G) is of finite type, then G is of finite type.
The next lemma will be needed later.
Lemma 2.5. Let R be a PID. If G is a finitely R-generated nilpotent R-powered
group and is not of finite type, then Z(G) has an element which is not R-torsion.
Proof. Assume, on the contrary, that Z(G) is an R-torsion group. Since G is
finitely R-generated, so is Z(G) by Theorem 2.2. Thus, Z(G) is of finite type. By
Lemma 2.4, G is also of finite type. 
If G is a nilpotent R-powered group and β ∈ R, then we define
Gβ = gpR(g
β | g ∈ G).
It is clear that Gβ ✂R G.
Theorem 2.6. [13] If R contains Q and G is a nilpotent R-powered group, then
every element of Gβ is a βth power of an element of G for any β ∈ R.
The notion of the exponent of a group has been generalized for the category of
nilpotent R-powered groups and will be used in the proof of Theorem 1.4.
Definition 2.3. [12] Let R be a PID, and let G be a nilpotent R-powered group
of finite type. We say that G has exponent π1π2 · · ·πn, where the πi’s are primes
(not necessarily distinct) in R, if
Gpi1pi2···pin = 1 but Gpi1pi2···pii···pin 6= 1 for any 1 ≤ i ≤ n.
Here, π1π2 · · · π̂i · · ·πn stands for the omission of πi in the product π1π2 · · ·πn.
The R-isolator of a nilpotent R-powered group plays an important role in what
follows.
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Definition 2.4. Let G be a nilpotent R-powered group.
(i) An R-subgroup H of G is R-isolated in G if g ∈ G and gλ ∈ H for some
0 6= λ ∈ R imply g ∈ H.
(ii) The R-isolator of S ⊆ G, denoted by I(S, G), is the intersection of all R-
isolated subgroups of G containing S.
Clearly, I(S, G) is an R-isolated subgroup of G. The next theorem describes the
R-isolator of an R-subgroup and can be found in [16].
Theorem 2.7. [16] If G is a nilpotent R-powered group and H ≤R G, then
I(H, G) = {g ∈ G | gλ ∈ H for some 0 6= λ ∈ R}.
Note that I(1, G) is the R-subgroup of G consisting of the R-torsion elements
of G. This is referred to as the R-torsion subgroup of G and denoted by τ(G). It is
clear that τ(G) ✂R G and G/τ(G) is R-torsion-free.
We record a simple lemma which will be used in what follows.
Lemma 2.8. Let G be a nilpotent R-powered group and H ✂R G. Then G/H is
R-torsion-free if and only if H is R-isolated in G.
The theory of extraction of roots appears in several papers by the authors (see
[12], [13], [14], and [15]).
Definition 2.5. If G is a nilpotent R-powered group and hα = g for some g, h ∈ G
and α ∈ R, then h is called an αth root of g.
Theorem 2.9. [16] Let G be a nilpotent R-powered group. Then G is R-torsion-
free if and only if every 1 6= g ∈ G has at most one αth root for every 0 6= α ∈ R;
that is, if g, h ∈ G and gα = hα for some 0 6= α ∈ R, then g = h.
Corollary 2.10. If G is an R-torsion-free nilpotent R-powered group, then Z(G)
is R-isolated.
Proof. If gα ∈ Z(G) for some g ∈ G and α ∈ R, then h−1gαh = gα for any h ∈ G.
Thus, (h−1gh)α = gα. By Theorem 2.9, h−1gh = g, and thus, g ∈ Z(G). 
Another result that we will rely on is:
Lemma 2.11. Let G be a non-trivial finitely Q[x]-generated Q[x]-torsion-free nilpo-
tent Q[x]-powered group. For any 1 6= g ∈ G and prime π ∈ Q[x], there exists n ∈ N
such that g has no πnth root in G.
Proof. Assume, on the contrary, that g has πnth roots in G for every n ∈ N. By
Theorem 2.9, these πnth roots must be unique. Thus, we let
H = gpQ[x](g1, g2, . . .), where g = g
pi
1 and gj = g
pi
j+1 for all j ∈ N.
By Theorem 2.2, H is finitely Q[x]-generated. Consequently, there exists k ∈ N
such that H = gpQ[x](g1, g2, . . . , gk). By construction of the gj’s, this means that
H = gpQ[x](gk).
Now, H should contain all πnth roots of g. However, this is not the case since
gk, the π
kth root of g, has no πth root in H. For if gk had a πth root in H, then
there would exist µ ∈ Q[x] such that (gµk )
pi = gk; that is, g
µpi−1
k = 1. Since H is
Q[x]-torsion-free and gk 6= 1, µπ−1 = 0. It follows that π must be a unit. However,
π is a prime by hypothesis, a contradiction. 
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Next we discuss some results on the R-torsion-free rank of a finitely R-generated
nilpotent R-powered group, where R is noetherian (see [16]). First we recall the
notion of torsion-free rank for a module.
Definition 2.6. Let D be an integral domain with fraction field K, and let M be
a D-module. The torsion-free rank of M is the K-dimension of the K-vector space
K ⊗D M, denoted by dimK(K ⊗D M).
IfM is a finitely generatedD-module, then K⊗DM is finite dimensional as a K-
vector space and dimK(K⊗DM) is the maximal number of D-linearly independent
elements in M, i.e. the maximal rank of a free D-submodule of M (see Theorem
6.11 in [6] for a proof). In the literature, torsion-free rank is usually referred to
simply as rank. In particular, if D is a PID and
M = D ⊕ · · · ⊕D︸ ︷︷ ︸
msummands
⊕T,
where T is the torsion part of M, then the (torsion-free) rank of M is m.
Definition 2.7. Let G be a finitely R-generated nilpotent R-powered group, where
R is noetherian, and let K be the fraction field of R. If
G = G1 ☎R G2 ☎R · · ·☎R Gn+1 = 1
is a subnormal R-series, where Gi/Gi+1 is an R-module for i = 1, 2, . . . , n, then
the R-torsion-free rank of G is
n∑
i=1
dimK(K ⊗R Gi/Gi+1).
It follows from Theorem 2.2 that each quotient Gi/Gi+1 is a finitely generated
R-module of finite rank. Thus, the above sum is well-defined and G has finite
R-torsion-free rank. An application of the Jordan-Ho¨lder theorem shows that the
R-torsion-free rank of a nilpotent R-powered group is independent of the subnormal
R-series chosen [16].
The next theorem and corollary are extensions of known facts about the rank of
a finitely generated R-module over a PID.
Theorem 2.12. Let R be a PID, and suppose G is a finitely R-generated nilpotent
R-powered group with R-torsion-free rank n.
(i) If H ≤R G, then the R-torsion-free rank of H is at most n.
(ii) If N ✂R G and N has R-torsion-free rank m, then G/N has R-torsion-free
rank n−m.
Proof. (i) Suppose G has nilpotency class c, and let
G = γ1G ≥ γ2G ≥ · · · ≥ γc+1G = 1
be the lower central series of G. Assume that γiG/γi+1G has R-torsion-free rank ni
for i = 1, 2, . . . , c. Since G has R-torsion-free rank n, we have n1 + · · ·+ nc = n.
Put Hi = H ∩ γiG for i = 1, 2, . . . , c. Then
H = H1 ≥R H2 ≥R · · · ≥R Hc ≥R Hc+1 = 1
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is a central R-series for H. Now,
Hi
Hi+1
=
H ∩ γiG
H ∩ γi+1G
=
H ∩ γiG
(H ∩ γiG) ∩ γi+1G
∼=R
γi+1G(H ∩ γiG)
γi+1G
for i = 1, 2, . . . , c. Therefore, Hi/Hi+1 is R-isomorphic to an R-subgroup of
γiG/γi+1G. Since γiG/γi+1G is an R-module, the R-torsion-free rank of Hi/Hi+1
is at most ni. Hence, the R-torsion-free rank of H is at most n.
(ii) Let
1 = N0 ✂R N1 ✂R · · ·✂R Nk = N
and
1 = G0/N ✂R G1/N ✂R · · ·✂R Gl/N = G/N
be subnormal R-series of N and G/N respectively. Clearly, G has a subnormal
R-series
1 = N0 ✂R N1 ✂R · · ·✂R Nk ✂R G1 ✂R · · ·✂R Gl = G.
Since (Gi+1/N)/(Gi/N) ∼=R Gi+1/Gi for i = 0, 1, . . . , l − 1, the R-torsion-free
rank of G is the sum of the R-torsion-free ranks of N and G/N. 
The next corollary follows immediately from Theorem 2.12 (ii).
Corollary 2.13. Let R be a PID, and let G be a finitely R-generated R-torsion-free
nilpotent R-powered group. If N ✂RG, then G and N have the same R-torsion-free
rank if and only if G/N is an R-torsion group.
Corollary 2.14. Let R be a PID, and let G be a finitely R-generated R-torsion-
free nilpotent R-powered group. If the R-torsion-free rank of G is 1, then G is an
R-module.
Proof. It suffices to show that G is abelian. Since Z(G) is R-torsion-free, its R-
torsion-free rank equals some m > 0. By Theorem 2.12 (i), m must equal 1. Hence,
G/Z(G) is an R-torsion group by Corollary 2.13. Now, Z(G) is R-isolated by
Corollary 2.10. By Lemma 2.8, G/Z(G) must be trivial. Thus, G is abelian. 
3. Proofs of Theorems
We use the following notation: If g and h are (are not) conjugate group elements,
then we write g ∼ h (g ≁ h).
Proof of Theorem 1.1: The proof is by induction on the Q[x]-torsion-free rank r of
G. If r = 0, then G is of finite type and there is nothing to prove.
Suppose that r > 0. Let g and h be elements of G which are conjugate in every
factor Q[x]-group of finite type. We claim that g ∼ h. Assume, on the contrary, that
g ≁ h. Since r > 0, G is not of finite type. By Lemma 2.5, there exists a ∈ Z(G)
that is not a Q[x]-torsion element. Let
S = {1, f ∈ Q[x] | f is monic},
and for each σ ∈ S, define
Hσ = gpQ[x] (a
σ) .
For each σ ∈ S, observe that Hσ ✂Q[x] G. By Theorem 2.12, the Q[x]-torsion-free
rank of each G/Hσ is less than r.
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Suppose that gHσ ≁ hHσ in G/Hσ for some σ ∈ S. By induction and a Q[x]-
Isomorphism Theorem, there exists a normal Q[x]-subgroup Nσ/Hσ of G/Hσ such
that
(G/Hσ) / (Nσ/Hσ) ∼=Q[x] G/Nσ
is of finite type and the images of g and h under the natural Q[x]-homomorphism
from G onto G/Nσ are not conjugate in G/Nσ. This contradicts the assumption
that the images of g and h are conjugate in every factor Q[x]-group of G of finite
type. Therefore, gHσ ∼ hHσ for all σ ∈ S. In particular, gH1 ∼ hH1 in G/H1.
Thus, since a ∈ Z(G), we can find a non-zero element t ∈ Q[x] such that h ∼ gat.
Since gHσ ∼ hHσ, we have
gHσ ∼ ga
tHσ for each σ ∈ S.
Thus, for each σ ∈ S, we can find yσ ∈ G and uσ ∈ Q[x] such that
(1) y−1σ gyσ = ga
t (aσ)
uσ .
Let Y be the set of those yσ ∈ G arising in (1), and put L = gpQ[x](g, a, Y ).
Clearly, [y, g] ∈ gpQ[x](a) for all y ∈ Y by (1). Moreover, gpQ[x](a) ≤Q[x] Z(L)
since a ∈ Z(G). It follows from the commutator calculus and the axioms that
[l, g] ∈ gpQ[x](a) for all l ∈ L. Thus, we obtain a Q[x]-homomorphism
ϕ : L→ gpQ[x](a) defined by ϕ(l) = [l, g].
Since Q[x] is a PID, L/ker ϕ is Q[x]-cyclic. Thus, there exists an element b ∈
L \ ker ϕ and α ∈ Q[x] such that
(2) L = gpQ[x](ker ϕ, b) and [b, g] = a
α.
Note that α 6= 0 because b /∈ Ker ϕ. In fact, b and α can be chosen so that α ∈ S.
Next, we find all of the conjugates of g in L. By (2), such a conjugate has the
form (bµk)−1g(bµk), where k ∈ ker ϕ and µ ∈ Q[x]. Since [g, b] = a−α ∈ Z(L) and
ker ϕ is the centralizer of g in L,
(bµk)−1g(bµk) = k−1b−µgbµk = k−1g[g, bµ]k
= k−1g[g, b]µk = k−1gk[g, b]µ
= ga−αµ
by Proposition 2.1. It follows that the set of conjugates of g in L is
(3) C = {gaαµ | µ ∈ Q[x]}.
Now, g ≁ gat in L because g ≁ gat in G. Thus gat /∈ C, and so, αµ 6= t for all
µ ∈ Q[x]. On the other hand, (1) yields
y−1α gyα = ga
t (aα)uα
because α ∈ S. This means that gat (aα)
uα ∈ C, so t+αuα = αλ for some λ ∈ Q[x].
Hence, t = α(λ− uα), a contradiction since λ− uα ∈ Q[x]. Theorem 1.1 is proven.
Proof of Theorem 1.2: Suppose that G has nilpotency class c, and assume that G
is not abelian. In this case, c > 1. Thus, there exist elements z2 ∈ ζ2G \ Z(G)
and h ∈ G such that [z2, h] = z1 for some 1 6= z1 ∈ Z(G). Let α be a prime in
Q[x] different from π. Since Q[x] is noetherian and G is finitely Q[x]-generated,
Z(G) is also finitely Q[x]-generated by Theorem 2.2. Hence, Z(G) is a finitely
Q[x]-generated Q[x]-torsion-free abelian Q[x]-group. By Lemma 2.11, there exists
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n ∈ N such that z1 has no α
nth root in Z(G). We claim that zα
n
2 ≁ z
αn
2 z1 in G,
whereas ϕ
(
zα
n
2
)
∼ ϕ
(
zα
n
2 z1
)
in ϕ(G) for every Q[x]-homomorphism ϕ from G onto
a nilpotent Q[x]-powered group of finite π-type. Once this is shown, the theorem
will be proved.
First we show that zα
n
2 ≁ z
αn
2 z1 in G. If this were not the case, then there would
exist g ∈ G such that g−1zα
n
2 g = z
αn
2 z1. Now, since z2 ∈ ζ2G \Z(G), there exists a
central element z such that [z2, g] = z. Thus,
zα
n
2 z1 = g
−1zα
n
2 g = (g
−1z2g)
αn = (z2z)
αn = zα
n
2 z
αn .
Therefore, z1 = z
αn . This contradicts the fact that z1 has no α
nth root in Z(G).
Next we show that the images of zα
n
2 and z
αn
2 z1 are conjugate under every Q[x]-
homomorphism from G onto an arbitrary nilpotent Q[x]-powered group of finite
π-type. Let N ✂Q[x] G such that G/N is of finite π-type and (z1N)
pim = N for
some nonnegative integer m; that is, zpi
m
1 ∈ N. Since α and π are distinct primes,
αn and πm are coprime. Thus, there exist β, γ ∈ Q[x] such that βαn + γπm = 1.
Now, [z2, h] = z1 and z1 ∈ Z(G) imply that h
−βz2h
β = z2z
β
1 by Proposition 2.1.
Therefore,
zα
n
2 z1 = z
αn
2 z
βαn+γpim
1 =
(
z2z
β
1
)αn
zγpi
m
1
=
(
h−βz2h
β
)αn
zγpi
m
1 = h
−βzα
n
2 h
β
(
zpi
m
1
)γ
.
Since zpi
m
1 ∈ N, we have z
αn
2 z1N = h
−βzα
n
2 h
βN in G/N. And so, zα
n
2 z1N ∼ z
αn
2 N
in G/N. This completes the proof of Theorem 1.2.
Proof of Theorem 1.3: This proof invokes the following lemma:
Lemma 3.1. Let G be a finitely Q[x]-generated Q[x]-torsion-free nilpotent Q[x]-
powered group. Suppose that Y ≤Q[x] Z(G), and let H be a Q[x]-isolated subgroup
of G. If I(HY, G) = G, then H ✂Q[x] G.
Proof. The proof is by induction on the Q[x]-torsion-free rank r of G. If r = 0,
then G is a Q[x]-torsion group, contrary to assumption. If r = 1, then G is a
Q[x]-module by Corollary 2.14 and the result is trivial. Suppose then that r > 1.
We first prove that Z(H) ≤Q[x] Z(G). By Theorem 2.9, every element of G has at
most one αth root for every 0 6= α ∈ Q[x]. It follows that the centralizer of every
non-empty subset of G is Q[x]-isolated in G (see Lemma 4.8 in [14]). In particular,
Z(H) is Q[x]-isolated in G because Z(H) = H ∩CH(G), where CH(G) denotes the
centralizer of H in G, and H is Q[x]-isolated in G by hypothesis. We will use these
observations freely in the remainder of the proof.
Pick any element g ∈ G = I(HY, G). By Theorem 2.7, there exists 0 6= α ∈ Q[x]
such that gα ∈ HY. We assert that gα centralizes Z(H). Suppose that h ∈ Z(H).
Since gα ∈ HY ≤Q[x] HZ(G), there exist elements k ∈ H and z ∈ Z(G) such that
gα = kz. Now, [h, k] = 1 because h ∈ Z(H), and so [h, gα] = 1 because z ∈ Z(G).
Thus, gα centralizes Z(H) as asserted. Therefore, g also centralizes Z(H) because
the centralizer of Z(H) is Q[x]-isolated in G. Since g is an arbitrary element of G,
we have that Z(H) ≤Q[x] Z(G) as claimed.
The fact that Z(H) ≤Q[x] Z(G) immediately gives Z(H)✂Q[x]G. Clearly,G/Z(H)
is finitely Q[x]-generated. It is also Q[x]-torsion-free by Lemma 2.8. Since G
has Q[x]-torsion-free rank r, G/Z(H) has Q[x]-torsion-free rank less than r by
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Theorem 2.12 (i) and Corollary 2.13. We check that the remaining hypotheses
of the lemma hold for G/Z(H). Indeed, Y Z(H)/Z(H) ≤Q[x] Z(G/Z(H)) since
Y ≤Q[x] Z(G). Moreover, since H is Q[x]-isolated in G, it is easy to see that
H/Z(H) must be Q[x]-isolated in G/Z(H). It remains to show that G/Z(H) ≤Q[x]
I(HY/Z(H), G/Z(H)) (the reverse inclusion is trivially true). We begin by noting
that Z(H) ✂Q[x] HY since Y ≤Q[x] Z(G). Suppose gZ(H) ∈ G/Z(H) for some
g ∈ G. Since G = I(HY, G), gβ ∈ HY for some 0 6= β ∈ Q[x]. Thus, gβZ(H) ∈
HY/Z(H); that is, (gZ(H))β ∈ HY/Z(H). And so, gZ(H) ∈ I(HY/Z(H), G/Z(H))
as required. By induction, H/Z(H)✂Q[x]G/Z(H), and consequently, H✂Q[x]G. 
We now prove Theorem 1.3 by induction on the nilpotency class c of G. If c = 1,
thenG is a freeQ[x]-module of finite rank. By Lemma 2.8, G/H isQ[x]-torsion-free,
and thus, a free Q[x]-module as well. Hence, G = H ×K for some K ≤Q[x] G.
We claim that
Gpi
i
H = H ×Kpi
i
(i = 1, 2, . . .).
To begin with, observe that HKpi
i
= H×Kpi
i
because H ∩Kpi
i
= 1. We show that
HKpi
i
= Gpi
i
H. Clearly, HKpi
i
≤Q[x] G
piiH. We assert that Gpi
i
H ≤Q[x] HK
pii. If
gpi
i
h is a generator of Gpi
i
H, then
gpi
i
h = (h1k1)
pii
h = hpi
i
1 hk
pii
1
for some h1 ∈ H and k1 ∈ K. Thus, g
piih ∈ HKpi
i
, proving the assertion and the
claim.
Now, K is finitely Q[x]-generated by Theorem 2.2, as well as Q[x]-torsion-free.
Thus,
⋂∞
i=1K
pii = 1 by Corollary 5.3 in [14]. And so,
∞⋂
i=1
Gpi
i
H =
∞⋂
i=1
(
H ×Kpi
i
)
= H ×
(
∞⋂
i=1
Kpi
i
)
= H.
This proves the theorem when c = 1.
Suppose that c > 1. Put
Z = Z(G), I = I(HZ, G), and L =
∞⋂
i=1
Gpi
i
H.
We need to show that L = H. By Corollary 3.3 in [14], G/Z is Q[x]-torsion-free
because G is Q[x]-torsion-free. Since I is Q[x]-isolated in G, I/Z is Q[x]-isolated
in G/Z. By induction,
(4)
∞⋂
i=1
(
G
Z
)pii
·
I
Z
=
I
Z
.
We claim that
⋂∞
i=1G
piiI = I. Clearly,
⋂∞
i=1G
piiI ≥Q[x] I. Let x ∈
⋂∞
i=1G
piiI.
Then
xZ ∈
Gpi
i
I
Z
=
Gpi
i
Z
Z
·
I
Z
=
(
G
Z
)pii
·
I
Z
for all i ≥ 1. It follows from (4) that x ∈ I, establishing our claim. Now,⋂∞
i=1G
piiH ≤Q[x] I. It follows that H ≤Q[x] L ≤Q[x] I. Now, I is finitely Q[x]-
generated by Theorem 2.2 and Q[x]-torsion-free, and H is Q[x]-isolated in I. By
Lemma 3.1, H ✂Q[x] I. Moreover, I/H is Q[x]-torsion-free by Lemma 2.8 because
H is Q[x]-isolated in I.
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We show that L = H. Consider the factor Q[x]-group L/H. Let ℓH ∈ L/H, and
let i be a positive integer. By Theorem 2.6, every element of Gpi
i
is a πith power
of an element of G. Thus, there exist h ∈ H and gi ∈ G such that
ℓ = gpi
i
i h.
Hence, gpi
i
i = ℓh
−1 ∈ I. Since I is Q[x]-isolated in G, gi ∈ I. This implies that
ℓH = (giH)
pii with giH ∈ I/H. It follows that ℓH has a π
ith root in I/H for
every i = 1, 2, . . . . If ℓH 6= H , this would contradict Lemma 2.11. Consequently,
ℓH = H, and thus, L = H as desired. This finishes the proof of Theorem 1.3.
Proof of Theorem 1.4: Let c be the nilpotency class of G. We can assume, without
loss of generality, that G is Q[x]-torsion-free. To see why, put T = τ(G) and fix
a prime π ∈ Q[x]. Since T is a (normal) Q[x]-subgroup of G, it is finitely Q[x]-
generated by Theorem 2.2, and thus, of finite type. Let σ ∈ Q[x] be the exponent
of T, and assume that (gT )α ∈ HT/T for some 0 6= α ∈ Q[x]. There exist h ∈ H
and t ∈ T such that gα = ht. We claim that there exist non-zero distinct elements
β and µ of Q[x] and t′ ∈ T such that gαβ = hβt′ and gαµ = hµt′. Choose any
0 6= β ∈ Q[x], and let µ = β+σ. Put τi = τi(h, t) for i ∈ N. Since T ✂Q[x]G, τi ∈ T
for i ≥ 2 (see the proof of Theorem 4.16 in [1] for details). By the Hall-Petresco
Axiom,
gαβ = hβtβτ
−(βc)
c · · · τ
−(β2)
2
= hβt′
with t′ ∈ T and
gαµ = hµtµτ
−(µc)
c · · · τ
−(µ2)
2
= hµtβ+στ
−(β+σc )
c · · · τ
−(β+σ2 )
2 .
Since T has exponent σ, tβ+σ = tβ and τ
−(β+σi )
i = τ
−(βi)
i for 2 ≤ i ≤ c. This proves
the claim.
Now, αβ − αµ 6= 0 and gαβ−αµ = hβ−µ ∈ H, contrary to the hypothesis. This
means that (gT )α /∈ HT/T for any 0 6= α ∈ Q[x]. Hence, gα /∈ HT, and thus, g /∈ T.
Consequently, we might as well assume that G is Q[x]-torsion-free as mentioned in
the beginning of the proof.
Since I(H, G) is a Q[x]-isolated subgroup of G,
∞⋂
i=1
Gpi
i
I(H, G) = I(H, G)
by Theorem 1.3. Now,
g /∈
∞⋂
i=1
Gpi
i
I(H, G)
because g /∈ I(H, G) by hypothesis. Furthermore,
∞⋂
i=1
Gpi
i
H ⊆
∞⋂
i=1
Gpi
i
I(H, G)
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since H ≤Q[x] I(H, G). And so, there exists an integer j such that G/G
pij is a
nilpotent Q[x]-powered group of finite π-type separating g and H.
References
[1] A. E. Clement, S. Majewicz, and M. Zyman, The Theory of Nilpotent Groups, Birkhauser
(2017)
[2] R. B. J. T. Allenby and R. J. Gregorac, Residual Properties of Nilpotent and Supersolvable
Groups, J. Algebra 23, 565 - 573 (1972)
[3] G. Baumslag, Lecture Notes on Nilpotent Groups, C.B.M.S. Regional Conference Series no.
2, Amer. Math. Soc. (1971)
[4] N. Blackburn, Conjugacy in nilpotent groups, Proc. Amer. Math. Soc. 16, 143 - 148 (1965)
[5] K. Conrad, http://www.math.uconn.edu/ kconrad/blurbs/linmultialg/modulesoverPID.pdf
[6] K. Conrad, http://www.math.uconn.edu/ kconrad/blurbs/linmultialg/tensorprod.pdf
[7] K. W. Gruenberg, Residual properties of infinite soluble groups, Proc. London Math. Soc.
(3), 7, 29 - 62 (1957)
[8] P. Hall, The Edmonton notes on nilpotent groups, Queen Mary College Mathematics Notes,
Mathematics Department, Queen Mary College, London, MR0283083 (1969)
[9] E. A. Ivanova, On the Conjugacy Separability in the Class of Finite P-Groups of Finitely
Generated Nilpotent Groups, arXiv:math.GR/0408393 v1 28 Aug 2004
[10] M. I. Kargapolov, V. N. Remeslennikov, N. S. Romanovskii, V. A. Roman’kov, and V. A.
Churkin, Algorithmic problems for σ-power groups, J. Algebra and Logic (Translated), Vol. 8
(6), 364 - 373 (1969)
[11] S. Majewicz, Nilpotent Q[x]-powered groups, (Amer. Math. Soc. Contemporary Math.), 421
(2006)
[12] S. Majewicz and M. Zyman, Power-commutative nilpotent R-powered groups, Groups-
Complexity-Cryptology, Vol. 1, No. 2, 297 - 309 (2009)
[13] S. Majewicz and M. Zyman, On the extraction of roots in exponential A-groups, Groups
Geom. Dyn. 4, 835 - 846 (2010)
[14] S. Majewicz and M. Zyman, On the extraction of roots in exponential A-groups II, Comm.
in Alg., 40, 64 - 86 (2012)
[15] S. Majewicz and M. Zyman, Localization of nilpotent R-powered groups, J. Group Theory,
15, 119 135 (2012)
[16] R. B. Warfield, Jr., Nilpotent Groups, Lecture Notes in Mathematics (513), Springer-Verlag
(1976)
14 STEPHEN MAJEWICZ AND MARCOS ZYMAN
Department of Mathematics, CUNY-Kingsborough Community College, Brooklyn,
New York 11235
E-mail address: smajewicz@kbcc.cuny.edu
Department of Mathematics, CUNY-Borough of Manhattan Community College,
New York, New York 10007
E-mail address: mzyman@bmcc.cuny.edu
